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2 Introduction

2.1 Special Functions

Special functions are the functions, which are not algebraic and cannot be represented in finitely
many terms [9] (except certain cases viz. Orthogonal polynomials for e.g., Legendre, Laguerre,
Hermite, Jacobi, Gegenbauer etc.) and thus they are not algebraic or elementary in nature but
known as transcendental functions. In this sense exponential (exp(x)), logarithmic (log(x)),
trigonometric functions (sin(x),cos(x)) etc. all falls under the category of Special Functions
[119].

In the spirit of above understanding, many major classical special functions are being rep-
resented in terms of infinite series as solutions of differential equations [110, 119] (with variable
coefficients), which either arose in the study of astrophysics and other engineering applications
and are solved using power series techniques.

Generally, the functions which possess the characteristics of having their integral represen-
tations, orthogonality, recursive relationships and/or obtained as series solutions of differential
equations are classified as special functions. It is important to note that, most special functions
are considered as functions of complex variables; also their analyticity, singularities and cuts
can be described; the differential and integral representations are known and the expansion to

the Taylor series or asymptotic series are available.

2.2 History of Special Functions

Special Functions are the functions which many times arise as a series solution of certain dif-
ferential equations, and which are not algebraic functions. Moreover, functions which are not
algebraic but having recurrence relations and integral representations are also classified as Spe-
cial Functions in the literature and are celebrated over the few decades/centuries, in respect of
their occurrence in the fields of Science & Technology [12, 110].

Special functions have a long history, dating back to the early days of calculus and analysis.
They became prominent in the nineteenth century, particularly within the theory of complex
variables. In the later half of the twentieth century, their significance was revitalized by their

connections to Lie groups and the averaging of elementary functions [9].



The study of special functions is intertwined with the advancements in terrestrial and ce-
lestial mechanics of the eighteenth and nineteenth centuries, the boundary-value problems of
electromagnetism and heat in the nineteenth century, and the eigenvalue problems of quantum
mechanics in the twentieth century [9].

Special functions began to emerge from seventeenth-century England. John Wallis and
Newton made significant contributions, with Wallis encountering elliptic integrals and Newton
developing a more sophisticated calculus.

The eighteenth century saw the discovery of the gamma function and advancements in
the theory of elliptic integrals. Euler made significant contributions to the gamma function,
while Legendre and Gauss made important discoveries regarding its properties. Vandermonde’s
theorem, Legendre polynomials, and Laplace and Legendre’s addition theorem for polynomials
were also notable developments.

The nineteenth century, particularly in Germany and France, marked the golden age of
special functions. Developments in both mathematics and physics, such as the theory of analytic
functions and field theories of physics, propelled the study of special functions forward. Elliptic
functions and hypergeometric series were major areas of study during this time, with significant
contributions from Jacobi, Weierstrass, Gauss, Clausen, Kummer, and others.

By the twentieth century, special functions [9] had become a vital part of both pure and
applied mathematics, as well as physics. They gained added importance in physical science as
solutions to the Schrodinger equation in quantum mechanics. Various generalizations and uni-
fications of special functions were proposed, further enriching their mathematical and scientific
significance.

Classical Special Functions such as the Gamma and Beta functions, Hypergeometric func-
tions, Bessel functions , and the Riemann zeta function are not only of historical importance but
also continue to serve as essential tools in contemporary scientific research. The Mittag-Leffler
function has also gained prominence due to its utility in solving fractional differential equations
and modeling real-world phenomena [8, 9, 12, 57, 101, 110, 131].

Among these, hypergeometric functions are particularly noteworthy due to their ability to

represent many other functions through appropriate parameter choices and transformations.



2.3 Hypergeometric Functions — Historical Perspective

The historical development of hypergeometric series dates back to Wallis in the 17th century
[135], with Euler contributing significantly in the 18th century. The first formal treatment was
provided by Gauss in 1813 [51], leading to the classical oF}(a,b;c; z) function. Later, Barnes
introduced the generalized form ,F, in 1906 [17].

Further generalizations, such as the 2R (z) = 2Ri(a, b; c; T; 2) introduced by Virchenko et
al. in 2001 [133], and the more general , R7 () class proposed by Rai and Chauhan [28], took up
the study of hypergeometric functions and their generalizations to a new height. These forms
2R (z) and ,R}(z) allow for a broader range of functional representations and convergence
behavior, thereby enhancing their applicability in both theoretical and applied settings.

In the sequel of study, Heine in 1850 [62, 63] defined and introduced g-analogue of hyper-
geometric functions (basic hypergeometric functions) and further extended by Jackson, Slater,
Andrews, Exton, and others [43, 46, 50].

The basic hypergeometric function 2¢; and the associated g-shifted factorial notation [50]
connect deeply with combinatorics and orthogonal polynomial theory, with the classical hyper-
geometric function recovered by taking the limit ¢ — 1.

In recent decades, using the consept of zonal polynomials, the focus has also been shifted to
hypergeometric functions of matrix arguments, a development initiated by Bochner [21] in 1952
and later expanded upon by Herz [64], Constantine [31], and James [72]. Further contributions
by Subrahmaniam [129], Muirhead [102], Takemura [130], Gross and Richard [58], and more
recently, Mathai et al. [94, 95, 97, 99], Jiu and Koutschan [74], and others [14, 15, 16, 73, 75,

76, 77, 103, 105, 106] by extending the theory to include the matrix parameters.

2.4 g-Calculus and basic (or g-) hypergeometric functions

It is known at first as, basic hypergeometric series which started essentially by Euler back in
1748 that emphasis on generating functions of partitions [43]; later, Gauss and Cauchy found
several transformations and summations formulae related to basic hypergeometric series. A

hundred years later after Euler discovered, Eduard Heine introduced a simple notation, known



as gq-number, as [62, 63|

[z]q = , z € C; (1)

in which by taking limit ¢ — 1, we retrieve the complex number z.This simple equality (1),
representing g-analogue of complex number z, is a gateway for g-calculus in general, where we
are looking for g-analogues of mathematical objects that have the original object as limits when
g — 1. In 1846, Heine [62, 63] defined the basic hypergeometric series, the g-analogue of Gauss
hypergeometric function, which was an innovation that became one of the most important and
revolutionary developments in g-calculus.

The g-analogue of the hypergeometric function, also known as basic (or q-) hypergeometric

function, is defined as below with the notations followed by Ernst [43]
a,b = {a; b;
2¢1 (aab; c;q,z) = 2¢1 34,2 = szk> (2)
k

where R(a),R(b),R(c) > 0;z € C. The series term in above equation converges absolutely for
|z| < 1 when 0 < |g| < 1. It is worth to note that the basic hypergeometric function 2¢;(2)
reduces to Gauss hypergeometric function 9 F(z) as ¢ — 1. The notation (z;q), in (2) is defined

as below [43]:
k1
(zig =0 =]]1-¢") zeC. (3)

n=0

The generalized g-hypergeometric function is defined as [43]

n (ﬂ) (1+877‘)
y b g ) = S5 o [(-1)"(3)] C
r@s(a1,a2,...,a;;01,02,...,05;¢,2) = : : - zZ".
n=0 <b17Q>n<bS7q>n<17q>n

The series in above expression converges absolutely for all z € C if r < s and for |z| < 1 if

r=s+1.



The g-binomial series is defined as in [43] as,

-

10 (a;—3¢,2) = Y E?Zi:zk = ;

k=0 =0

(0%2q) e
(2:0) o

a.
£l (<. ©)

Frank Hilton Jackson (1870-1960) made significant contributions to the theory of g-calculus
[29]. Most of his mathematical work was devoted to basic analogues or g-analogues (as they
are sometimes called). He wrote extensively on basic hypergeometric functions [70, 69]. He
introduced the g-derivative or Jackson derivative, which proved as a milestone in the study of
g-calculus, which in fact is a g-analogue of the ordinary derivative [66]. Jackson also introduced
the Jackson (q-) antiderivative or integration [68], g-definite integral, the g-gamma function
and the g-beta function [67]. The work was subsequently greatly extended by Slater, Gasper-

Rahman, Andrews, Exton, Ernst and others up to the present day [7, 42, 43, 44, 46, 50, 128].

2.5 Fractional Calculus and g-Fractional Calculus

The study of extending the concept of integer ordered derivatives and integrals to the concept
of fractional order derivatives and integrals is called fractional calculus. Fractional calculus
has important applications in the field of Physics and Engineering [32, 87, 88, 100, 108]. One
important area of interest within this field is the investigation and derivation of fractional
operators, including but not limited to the Riemann—Liouville, Weyl, Erdély-Kober left and
right sided fractional operators, Caputo, Marchaud, Caputo-Fabrizio, Atangana Balenue in
Caputo sense, etc.. These operators are useful to reformulate classical models in fractional
models, leading to improved outcomes in various practical applications [32, 100, 108].

In 1978, Megumi Saigo [118] derived two (left and right sided) fractional integral operators
involving the classical hypergeometric function with four distinct special cases. Since then,
many mathematicians have contributed to the theory and applications in the area of fractional
calculus involving generalized hypergeometric functions.

Related to generalized hypergeometric function 9 R](z) [133], while investigating Rao et al.
[113] studied various fractional operators involving 2 R7(z) and established some new results
related to fractional operators involving the generalized hypergeometric function [133].

Additionally, the emergence of g-calculus has further enriched the intersection of mathe-



matics and physics, fostering connections with quantum theory, statistical mechanics, number
theory, and combinatorics [43, 46].

The concept of fractional g-calculus, an extension of ordinary fractional calculus to include
g-extensions, has found widespread utility in various domains. Beginning with Al-Salam’s
work on the g-analogue of Cauchy’s formula, researchers such as Agarwal, Isogawa, Rajkovic,
Saxena, and Yadav have made significant contributions in understanding fractional q-derivatives
and g-integral operators [11]. Notably, Garg and Chanchlani expanded upon Saigo’s fractional
operators to introduce their g-analogues [49], involving the infinite series closely related to basic
hypergeometric series [50].

Note: About our contributions in this domain, details are given in Section 2 (see Chapter 4

(Section 2)).

2.6 Functions of matrix argument through zonal polynomials

Function of matrix argument, is a function in which variable z € C is attempted to replace
by matrix in some sense. Bessel functions of a real matrix argument were first introduced by
Bochner [21] in the context of harmonic analysis and analytic number theory. Subsequently,
Herz [64] provided a more detailed treatment of these functions and extended the framework by
inductively defining hypergeometric functions of matrix argument through iterative applications
of Laplace and inverse Laplace transforms.

Parallel developments emerged in number theory, where Olkin [104], Gindikin [55], and
Kabe [79] independently studied matrix analogues of hypergeometric functions using Euler-
type integral representations. For functions with complex matrix arguments, the pioneer work
is due to Constantine [31] and James [72] in the domain of multivariate statistical theory and
made substantial contributions by developing series expansions for hypergeometric functions of
matrix arguments, often referred to as Herz-type functions.

Further exploration of these matrix functions was undertaken by Subrahmaniam [129], who
revisited classical definitions and properties through zonal polynomials, and by Takemura [130],
who employed integral identities and matrix transformations to investigate generalized hyper-
geometric functions of matrix arguments.

In 1987, Gross and Richard [58] introduced the finest structure of generalized hypergeometric

8



functions with matrix arguments. Their work marked a significant refinement in the theory,
bridging matrix-analytic techniques with advanced special function theory. Notably, when the
matrix reduces to 1 x 1, these matrix hypergeometric functions coincides with their classical
scalar counterparts.

Subsequent developments by Mathai et al. [95, 96, 97], Muirhead [102], and Jiu and
Koutschan [74] enriched the theory by studying special functions of matrix arguments through
zonal polynomials, which serve as symmetric homogeneous functions central to the evaluation
of matrix-variate functions.

A crucial combinatorial tool in this framework is the concept of partitions. A partition x of

a non-negative integer n is given by [58, 95, 96, 102]
m
k= (ki ko, ... km), whereky >ky> ... >kn>0, Y kj=n (6)
j=1

This leads to the generalized Pochhammer symbol for partitions, defined as [58, 95, 96, 97, 102]:

(@) = 'ml <a _ H>k - for R(a) > T L (7)

The utility of these structures is well-established in diverse mathematical frameworks, fa-
cilitating the transition from classical scalar functions to matrix-argument functions. This
transition has been especially influential in areas such as multivariate analysis, random matrix
theory, and statistical inference, providing powerful tools for the study of eigenvalue distribu-

tions, matrix-variate probability models, and beyond [58, 95, 96, 97, 102, 130].

2.7 Matrix functions

Over the past two decades, the field of special functions having with parameters as matrices
(known as special matrix functions), became grown remarkably, driven by both theoretical
curiosity and practical need. In many complex physical problems, traditional analytical or
numerical methods fall short, and this is where special matrix functions have provided elegant
alternatives. Beyond physics, these functions have found their way into other areas like statistics

[102, 72, 99], the theory of Lie groups [138], and both mathematical and theoretical physics



[95, 96, 97]. Their ability to capture multidimensional structures makes them especially useful
in situations where scalar-based approaches are simply not enough.

At the same time, there’s been a lot of attention on orthogonal matrix polynomials, which
are matrix-based versions of well-known classical polynomials. Researchers have explored and
developed matrix forms of Hermite, Laguerre, Chebyshev, Jacobi, Gegenbauer, Bessel, and
Legendre polynomials [1, 6, 18, 23, 34, 35, 36, 37, 64, 78, 89, 120, 122, 123, 124, 132]. These
matrix polynomials don’t just mimic their scalar counterparts—they bring new depth, thanks to
the added complexity and richness of matrix structures. They’ve found practical applications
in solving differential equations, spectral problems, and approximation theory, offering both
theoretical insights and computational tools.

One particularly fascinating direction in this broader theory is the study of matrix hyper-
geometric functions. When one generalizes a scalar function to multiple variables—especially
in matrix form—there isn’t always a single, obvious way to do it. To make such generalizations
meaningful and unique, certain structural choices must be made. Still, researchers have managed
to extend many classical special functions to work with vectors and matrices, while preserving
important properties [46, 95, 96, 97, 99, 126]. Matrix hypergeometric functions, in particular,
have become especially important in areas like multivariate statistics and random matrix theory.
They serve as powerful tools for capturing complex relationships in multidimensional settings,

and they continue to open up new pathways in both pure and applied mathematics.
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4 Methodology

The research employs analytical and theoretical methods within classical analysis, g-calculus,
and multivariate matrix theory. The methodology involves the theoretical extension and gener-
alization of the quantum (qg-) analogue of the generalized hypergeometric function, denoted as
9 R7(z), followed by establishing its convergence criteria using rigorous analytical techniques.
Furthermore, the study formulates integral representations, contiguous relations, and the n-
th g-derivatives for this function. Various g-integral transforms, including g-Mellin, g-Euler
(Beta), g-Laplace, q-Sumudu, and g-Natural transforms, are applied to map the function’s
properties and connect it to other established special functions. The research also constructs
extended left- and right-sided Saigo fractional integral operators, systematically developing their
g-analogues under specific parameter conditions. Finally, the methodology bridges Muirhead’s
matrix-variate partial differential equations and Jédar and Cortés’ matrix-parameter ordinary
differential equations by restricting matrix parameters to a mutually commuting family with
strict positive stability bounds, thereby formulating a novel matrix partial differential equation

system.
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5 Key Findings

The research yields several significant theoretical advancements that unify historically separate
branches of special functions. A primary finding is the successful formalization of the general-
ized g-hypergeometric function, proving that it seamlessly reduces to the classical generalized
hypergeometric function 9R](z) as the limit ¢ — 1. The study also establishes explicit math-
ematical connections between 9 R7(z), the g-Wright function, and various g-analogues of the
Mittag-Lefler functions. In the realm of fractional g-calculus, concrete summation formulae for
both the left- and right-sided g-Saigo operators are derived, and the exact relations between
these extended operators are established. Remarkably, the research proves that the exact so-
lution to the newly proposed matrix partial differential equation system emerges cleanly as a
novel matrix-valued hypergeometric function. This novel solution, structured entirely through
Muirhead’s zonal polynomials, is demonstrated to act as a master generalization. It successfully
unifies the generalization of the domain, involving matrix variables, with the generalization of
the coefficients, involving matrix parameters, significantly expanding the existing theoretical

framework of matrix special functions.

6 Brief about our work

Recent progress in the theory of Special Functions has led to important generalizations of the
hypergeometric type functions, particularly within g-calculus and their matrix analogues.
Study in the present work is about generalization 9 R](z) [133] and its g-analogue 2 R}(2),

defined in [25, 26] with

o
c (a), I (b+Tk) 2*
2Pty (a,b3¢752) = bz T(ct+rk) kU
k=0
where R (a), R (b),R(c);7 € RT,|2| <1 and R(c —b—a) > 0 when |z]| =1

r > (a:
oR17(2) = oRy (a,b;¢; T3¢, 2) = =2 (c) Z <af Al
where R (a), R (b) ,R(c);0 < |q| < 1,7 € RT,|z| < 1.
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This function 9 R7%(z) preserves key properties while adapting to the structure of g-calculus,
including convergence, differentiation, and integral representations. Further exploration on
properties has revealed strong links between generalized hypergeometric o R] (z), Wright function
Wi u(z) or ¢ (A, p, z), and Mittag-Leffler functions of various types [125], along with their g-
forms. Various g-integral transforms—such as the g-Mellin, g-Laplace, g-Euler, g-Sumudu,
and g-natural—have been discussed for the newly introduced g-analogue 3 R]?(z). Employing
fractional calculus in the detailed analysis for the properties, related to o R](2) and 2R7%(2),
has led various results on extended Saigo integral operators and their g-analogues. Moreover,
primarily two analogues (matrix related) of generalized hypergeometric function 2 R7(z) have
been introduced, and studied, where in (i) the variable z is replaced with matrix (in essence)
(see Chapter 5), followed by (ii) generalizing/replacing parameters as well as variable with the

use of matrices.

7 Formation of the thesis

The work done is devised into six chapters in the present thesis. Chapter One provides the
introduction and essential preliminaries for the present work. Chapter Two introduces the q-
analogue of the generalized hypergeometric function 9 R7(z), along with its convergence analysis
and fundamental properties. Chapter Three primarily deals with the relations between the gen-
eralized hypergeometric function 9 R] (z), the Mittag-Leffler functions, and the Wright function,
including their respective g-analogues. Additionally, derivations involving g-integral transforms
have also been incorporated in the present chapter. Chapter Four presents the extended Saigo
operators, exploring their relations, and their g-versions, along with summation formulae for
the associated g-integral operators. Chapter Five focuses on the generalized hypergeometric
functions of matrix arguments (where in their definitions, zonal polynomials plays a pivot role),
and discussed various integral properties of these functions. In Chapter Six, there introduced
a novel extension of the matrix hypergeometric function, where the parameters are taken as

matrices and the variable taken is considered as matrix in the sense of zonal polynomial.

Chapter 1.
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Introduction and Preliminaries

“Special Function” is an age old and well-known, well explored and one of the most important
branch of Mathematics, dates back to end of 18" century and beginning of 19" century. In the
present chapter, historical background is given in relevance of hypergeometric functions, with
some detailing about contributions of many well-known mathematicians in the field [17, 51, 135].
Apart from this historical background, as an introductory purpose, broad details related to
various generalizations of hypergeometric functions, g-calculus, g-fractional calculus, functions
of matrix arguments and theory of matrix special functions is made available, which are useful
for the smooth development of results that have been discussed in the coming chapters.
Moreover, to acquaint the reader/researcher about fundamental and basic prerequisites, last
phase of chapter—1 is made reserved for the basic definitions, results and lemmas that have been

used for the later development of the theme results which are the prime aim of the present study.

Chapter 2.

Generalized g-hypergeometric function and its properties

In this chapter, the g-analogue of the generalized hypergeometric function is defined and denoted
by 2R1(z), which reduces to the generalized hypergeometric function 2 R7(z) [133], when g —
1 and discussed some of its special cases. The convergence of the series, that defines the
generalized g-hypergeometric function is established in two different manner, and studied various
properties of it. In particular, integral representation, expression for nth g-derivative, and
certain contiguous relations have been obtained. Moreover, some integral and differentiation

properties also have been studied.

Chapter 3.

Relations of generalized hypergeometric functions with Mittag-Lefller and
Wright functions and some results involving g-integral transforms

Along with other results this chapter highlights primarily, certain new properties of the gener-
alized hypergeometric function 3R] (z) and its g-analogue. Interrelations among the functions

2 R7(2), the Wright function, and generalized Mittag-Leffler functions have been explored. Cer-

tain results reveling connections of 9 R](z) with the q-Wright function and g-analogues of the
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different Mittag-Leffler functions have been deduced. Furthermore, various g-integral trans-
forms of generalized g-hypergeometric function 9R}(2) have been obtained, which includes,
the ¢-Mellin transform, g-Euler (Beta) transform, g-Laplace transform, q-Sumudu transform,
and g-Natural transform. These results are helpful to understand the nature of hypergeometric

functions in more detail.

Chapter 4.
Extended Saigo operators and their g-analogues

The Chapter 4 presents a detailed study of the extended left- and right-sided Saigo integral
operators. Begin by defining these extended operators formally, followed by study of various
special cases that emerge under specific parameter conditions, we discovered the relationship
between the extended left- and right-sided Saigo operators. Followed by this, the present chapter
includes g-analogues of the extended Saigo operators; these g-analogues are constructed in
parallel to their classical counterparts and are analyzed in terms of their special cases and
fundamental properties. Summation formulae for both the left and right sided g-Saigo operators
are derived and studied the relation between the extended left- and right-sided Saigo g-integral

operators.

Chapter 5.

Generalized hypergeometric functions of matrix argument

In this chapter, the generalized hypergeometric function of a matrix argument (through zonal
polynomial) is introduced along with its multi-parameter generalization and the Fox—Wright
function of matrix argument; certain special cases of them are also discussed. Various integral
properties associated with the generalized hypergeometric function of matrix argument have
been derived, including integral representations which can help for better understanding the
structure and behaviour of these functions. In addition, Chapter also include in it some sup-
plementary findings related to the generalized hypergeometric function 9 R](z) without matrix

argument, thereby offering a broader view of its properties and theoretical implications.

Chapter 6.
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Novel extension of matrix hypergeomeric function

In this chapter, the matrix Pochhammer symbol is corresponding to partition x of n € N and
given matrix F' € CP*? is introduced and denoted by (F'),. Moreover multivariate gamma
and beta functions of a matrix, as well as the multivariate gamma function associated with a
partition k are also introduced in terms of new definitions. In addition, hypergeometric matrix
function (having parameters and variable as matrices) is defined. Moreover, the integral repre-
sentation of the hypergeometric matrix function (having parameters and variable as matrices),
matrix version of Binomial theorem using zonal polynomial are obtained, and the matrix form
of the Gauss summation theorem is established. Several additional properties related to the

hypergeometric matrix function are also deduced.

8 Overall Conclusion

In this thesis, we explored several contemporary developments in the theory of Special Functions,
particularly focusing on the generalization of the classical Gauss hypergeometric function within
the frameworks of g-calculus and matrix arguments. Central to our work is the study of the
hypergeometric function in a generalized form and its q-analogue, denoted by 2 R7?(z), which
reduces to the classical form as ¢ — 1. We investigated its structural properties, including
convergence, differentiation, and integral representations.

We further examined the intricate connections between generalized hypergeometric func-
tions, Wright functions, and Mittag-Leffler functions, including their g-analogues. The deriva-
tion of g-integral transforms such as the g-Mellin, g-Laplace, g-Euler, g-Sumudu, and g-Natural
transforms provid a broader functional framework. In the study of extended Saigo integral
operators and their g-analogues, by employing fractional calculus, we derived many interesting
results.

Additionally, we extended the theory of hypergeometric functions to matrix arguments by
utilizing zonal polynomials and matrix gamma functions. These matrix analogues, including
versions of o F, o Ry, p Ry, and 1, were explored alongside integral representations, the matrix
binomial theorem, and a matrix form of the Gauss summation theorem. These findings open

up further possibilities in multivariate analysis.
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9 Recommendations and Suggestions

Future research directions in the study of generalized hypergeometric functions and fractional
operators present several avenues. Primary among these is the generalization of hypergeometric
functions to accommodate two matrix arguments, alongside the development of efficient com-
putational methods specifically designed for evaluating these matrix hypergeometric functions.
Furthermore, detailed investigations into their theoretical properties and the exploration of g-
analogues utilizing matrix arguments as both variables and parameters remain critical areas for
subsequent study. Additionally, in the context of fractional calculus, there is a strong appeal to
the mathematical community to further explore the intersection of traditional fractional calcu-
lus and g-calculus, leveraging these historical theoretical frameworks to address and reformulate
modern application models.

Building upon these foundational matrix extensions, the culminating phase of this research
established a profound unification of two historically distinct generalizations of the Gauss hyper-
geometric function. By simultaneously incorporating mutually commutative matrix parameters
and a positive definite matrix variable, we introduced the novel multivariate matrix-valued
hypergeometric function gFlM (F1,F9;F3;Y). We rigorously proved that this newly defined
function is the unique analytic solution to a highly complex system of matrix partial differen-
tial equations. This differential system effectively synthesizes Muirhead’s eigenvalue operators
with matrix-parameter structures that were previously restricted strictly to scalar variables.
Furthermore, we derived several key theoretical results for this unified function, including the
matrix binomial theorem, an Euler-type integral representation utilizing the multivariate ma-
trix beta function, and a matrix analogue of the Gauss summation theorem. These results
confirm that o FM acts as a master generalization, seamlessly collapsing into classical scalar,

pure matrix-argument, or pure matrix-parameter functions under specific limiting conditions.
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